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Abstract: Neural Ordinary Differential Equations (Neural ODEs) are a powerful 

class of deep learning models that generalize residual networks (ResNets) by 

formulating the evolution of hidden states as a continuous-time differential equation. 

This approach provides benefits such as memory efficiency, adaptability to irregularly 

sampled data, and improved interpretability. This paper explores the mathematical 

formulation of Neural ODEs, their relation to classical ODE solvers, and key 

applications in machine learning. We also discuss numerical methods used for solving 

Neural ODEs and their challenges in optimization and stability. 

Keywords: Neural ODEs, deep learning, differential equations, continuous-

depth models, numerical solvers, optimization, machine learning. 

1. Introduction 

Deep learning models have traditionally been built using discrete-layer 

architectures, where information is processed through a sequence of transformations. 

However, recent advances have introduced the idea of treating these transformations 

as continuous dynamical systems, leading to the development of Neural Ordinary 

Differential Equations (Neural ODEs). 

Neural ODEs were introduced by Chen et al. (2018) as a continuous 

generalization of residual networks (ResNets). Instead of applying a fixed number of 

layers, Neural ODEs model the transformation of hidden states using an ordinary 

differential equation (ODE). This enables a more flexible and theoretically grounded 

approach to deep learning, particularly in problems involving time-series analysis, 

generative modeling, and physics-informed machine learning. 
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This paper provides a comprehensive mathematical description of Neural ODEs, 

including their formulation, numerical solution techniques, and applications in modern 

machine learning. 

2. Mathematical Formulation of Neural ODEs 

2.1. From Residual Networks to Continuous Depth Models 

Traditional neural networks process data through multiple layers, each applying 

a transformation to the input. In a ResNet, the transformation at layer t can be written 

as: 

 

where t t. 

If we take the limit where the step size between layers approaches zero, this 

discrete transformation converges to a continuous-time dynamical system described 

by an ODE: 

 

where h(t) represents the evolving state of the system over continuous time, and 

f is a neural network that parameterizes the ODE. 

2.2. Neural ODEs as an Initial Value Problem (IVP) 

Given an initial state h (0) = h0 , solving a Neural ODE requires computing the 

solution at a later time T, which can be expressed as: 

 

This formulation allows us to treat the depth of the model as a continuous 

variable, rather than a fixed number of layers. 

2.3. Computing the Solution Using ODE Solvers 

Since most ODEs do not have closed-form solutions, we must approximate h(T) 

using numerical integration methods. Common numerical solvers include: 

 : 
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This method is simple but suffers from stability issues and poor accuracy for stiff 

ODEs. 

 Runge-Kutta Methods (RK4): 

A more accurate method that evaluates f(h, ) at multiple points within each step: 

 

where ki are intermediate evaluations of f. 

 Adaptive Solvers: 

Methods like Dormand-Prince (Dopri5) dynamically adjust step sizes to balance 

accuracy and efficiency. These solvers are commonly used in Neural ODE 

implementations. 

3. Training Neural ODEs: The Adjoint Method 

3.1. Challenges in Backpropagation 

Unlike traditional neural networks, Neural ODEs do not have a fixed 

computational graph, making gradient computation challenging. Direct 

backpropagation through an ODE solver is memory-intensive since it requires storing 

all intermediate states. 

3.2. Continuous Backpropagation with the Adjoint Method 

To efficiently compute gradients, Neural ODEs use the adjoint sensitivity 

method, which computes gradients by solving an auxiliary ODE backward in time. 

Given the loss function L, the adjoint variable a(t)a(t)a(t) satisfies the equation: 

 

By integrating this equation backward, we can compute gradients with constant 

memory usage, making Neural ODEs scalable for large models. 

4. Applications of Neural ODEs 

4.1. Time-Series Modeling 
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Neural ODEs are well-suited for modeling irregularly sampled time-series 

data. Instead of requiring data at fixed time steps, they can interpolate between 

observations, making them useful in medical data analysis, weather forecasting, and 

financial modeling. 

4.2. Continuous Normalizing Flows (CNFs) 

In generative modeling, Neural ODEs are used in Continuous Normalizing 

Flows (CNFs) to define invertible transformations for probabilistic modeling. CNFs 

enable efficient density estimation and image generation by modeling probability 

distributions as continuous transformations. 

4.3. Physics-Informed Machine Learning 

Neural ODEs provide a natural framework for incorporating physical laws into 

machine learning models. Applications include fluid dynamics, population modeling, 

and reinforcement learning in physical simulations. 

5. Challenges and Future Directions 

5.1. Computational Cost 

Solving ODEs numerically is computationally expensive, especially for complex 

models. Future research aims to develop more efficient solvers tailored to deep 

learning. 

5.2. Stability and Robustness 

Neural ODEs can be sensitive to numerical errors and solver choice. Improving 

stability through better regularization techniques is an active research area. 

5.3. Hybrid Discrete-Continuous Models 

Recent work explores combining discrete layers with continuous-depth 

models for greater flexibility. This hybrid approach could improve training efficiency 

while retaining the benefits of Neural ODEs. 

6. Conclusion 

Neural ODEs represent a significant shift in deep learning, offering a 

continuous-depth perspective that aligns with dynamical systems theory. Their 

mathematical formulation enables adaptive computation, memory efficiency, and 

applicability to a wide range of problems. Despite computational challenges, ongoing 
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research is making Neural ODEs more practical for large-scale machine learning 

applications. 
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