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COOpHHMK COAEpP)XUT Hay4Hble CTaThbU OTEUECTBEHHBIX U 3apyOeKHBIX aBTOPOB 11O
H9KOHOMHYECKUM, TEXHUYECKUM, (PHIOCOPCKUM, IOPHUINIECKUM U JIPYTUM HayKaM.

Muccus HayuyHO-00pa3zoBaTeabHOro aieKTpoHHoro xypHana «KObBPASOBAHUE M HAVKA
B XXI BEKE» cocrout B mojJepXKKe MHTEpECa YUTATENEH K OPUTMHAIBHBIM HCCIIEOBAaHUSAM U
MHHOBAIIMOHHBIM IOJXO0/IaM B Pa3JIMYHbIX TEMAaTHYECKUX HAIPaBICHUSX, KOTOPbIE CIOCOOCTBYIOT
pacpoCTpaHEHHUIO JIyUIlleld OTEYECTBEHHOU U 3apyOeKHOM MPAKTHKNA B UHTEPHET IPOCTPAHCTBE.

[eneBas ayautopust )KypHaia oXBaThiBaeT paOOTHUKOB c(heprl 0Opa3zoBaHus (BOCIHTATENIEH,
[I€J]aroroB, y4uTeed, pyKOBOJUTENEH KPYKKOB) U HIKOJBHUKOB, MHTEPECYIOIIMXCS BOIPOCAMH,
OCBEIIla€MbIMH B JKypHaJe.

Marepuansl MyONMHMKYIOTCS B aBTOPCKOM pedaknuu. 3a CcOOOJCHHE 3aKOHOB 00
MHTEJUIEKTyaJIbHOH COOCTBEHHOCTH M 3a COJEpXKaHWE CTaTeld OTBETCTBEHHOCTh HECYT aBTOPBI
craTeil. MHEHHE peaKkIMi MOKET HE COBIAAATh C MHEHHEM aBTOpOB cTtarel. [Ipy ncnonb3oBanun

1 3aMMCTBOBAHHUU MAaTCpUaJIOB CChIJIKA HAa U3JIaHUC 00s3areIbHa.
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Hazpanune ny6iankanuu: «KCOLORING OF GRAPHS»

Abstract: Graph coloring is a pivotal concept in graph theory, which involves
assigning colors to elements of a graph under specific constraints. The primary focus
is on vertex coloring, where adjacent vertices are colored differently, but it extends to
edge and face coloring as well. This study delves into the theoretical foundations of
graph coloring, discussing essential concepts such as the chromatic number, proper
coloring, and the four-color theorem. The paper also illustrates these concepts with
mathematical examples and discusses their practical applications in various fields such
as scheduling, map coloring, and resource allocation. The mathematical formulations
provided offer a deeper understanding of how graph coloring problems are structured
and solved, highlighting its importance in solving complex real-world problems
efficiently.

Keywords: Graph Coloring, Chromatic Number, Vertex Coloring, Edge
Coloring, Map Coloring, Scheduling, Graph Theory

Graph theory is a fundamental area of mathematics that deals with problems
involving discrete structures composed of vertices and edges. A significant problem in
graph theory is graph coloring, which involves assigning labels or colors to the
components of a graph subject to specific rules. The most commonly studied form is
vertex coloring, where no two adjacent vertices share the same color. Applications of
graph coloring span various fields such as computer science, telecommunications, and
logistics, making it a crucial area of study. This paper provides an in-depth examination
of graph coloring, including key mathematical concepts, examples, and practical
applications.

Mathematical Foundations of Graph Coloring

Chromatic Number x(G)
26



The chromatic number ¥(G) of a graph G=(V,E) where V is the set of vertices
and E is the set of edges, is defined as the minimum number of colors needed to color
the vertices of G such that no two adjacent vertices have the same color.

For example, consider a simple cycle graph C,:

] If nis even, x(C,)=2.
1 If nis odd, %(C,)=3.

Proper Coloring

A proper coloring of a graph is an assignment of colors to vertices such that
adjacent vertices have different colors.

Edge Coloring: In edge coloring, each edge of the graph is assigned a color such
that no two edges incident to the same vertex share the same color. The minimum
number of colors needed for a proper edge coloring of G is called the edge chromatic
number ¥'(G).

The four-color theorem states that any planar graph (a graph that can be drawn
on a plane without edges crossing) can be colored with no more than four colors such
that no two adjacent regions (or vertices) have the same color. Mathematically, for any
planar graph G, y(G)<4.

Practical Applications of Graph Coloring

Graph coloring is instrumental in solving scheduling problems where tasks must
be assigned time slots without conflicts. For instance, if we have a set of tasks with
conflicts represented as edges in a graph, a proper vertex coloring gives a conflict-free
schedule with the chromatic number indicating the minimum number of time slots
required.

Mathematical Example: Given a graph G=(V,E) representing a set of tasks, find
x(G) to determine the minimal number of time slots needed.

Map coloring uses graph coloring to ensure that no two adjacent regions on a
map are assigned the same color. This is a practical application of the four-color
theorem, used to distinguish neighboring regions visually. In computing, resource

allocation problems, such as register allocation in compilers, can be modeled as graph
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coloring problems. Here, nodes represent variables, and edges represent conflicts
where variables cannot be stored in the same register at the same time.

Conclusion: Graph coloring is a powerful and versatile tool in both theoretical
and applied mathematics. Its ability to model and solve a variety of practical problems
makes it an essential topic in graph theory. Through the concepts of chromatic number,
proper coloring, and the four-color theorem, this study illustrates the significance of
graph coloring in areas such as scheduling, map coloring, and resource allocation. The
mathematical foundation provided serves as a basis for further exploration and
application of graph coloring techniques.

References
1. Bondy, J. A., & Murty, U. S. R. (2008). Graph Theory (Graduate

Texts in Mathematics, Vol. 244). Springer. A comprehensive guide to graph

theory, covering fundamental concepts and advanced topics.

2. West, D. B. (2001). Introduction to Graph Theory (2nd ed.).

Prentice Hall. An accessible introduction to graph theory with a focus on

applications and problem-solving.

3.  Diestel, R. (2017). Graph Theory (5th ed.). Springer. A rigorous
and modern treatment of graph theory with numerous examples and exercises.
4.  Wilson, R. J. (2010). Introduction to Graph Theory (5th ed.).

Pearson. A foundational text that introduces key concepts in graph theory and

explores their applications.

5. Chartrand, G., & Zhang, P. (2012). Chromatic Graph Theory.

CRC Press. A detailed exploration of chromatic properties in graph theory,

including coloring problems and solutions.

© Jumamuradova Lachyn, Halmuhammet Ovezov. 2025

28



